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lattice motif

What is a crystal?

• Solids that are exact repeats of a 

symmetric motif (the opposite is 

amorpous/glass)

• In a crystal, the level at which there is 

no symmetry  asymmetric unit. 

• Apply  an operator (rotational, screw …) to construct lattice motif.  

• Lattice motif is translated in three dimensions to form crystal lattice.

• The lattice points are connected to form the boxes  unit cell.

• The edges define a set of unit vector axes  unit cell dimensions a, b, c.

• Angles between axes:  

a, b, c

 between bc,  between ac,  between ab  

asymmetric unit

Apply operator(s) 



lattice motif

crystal lattice (2D) unit cell (2D)

a

b

γ



crystal lattice (3D) unit cell (3D)



Sometimes the question arises as to the choice of parallelogram for our thre-dimensional 

or two-dimensional unit cell as shown below .



If one object remains unchanged (congruent) after the application of one or more

“movements”, we will say that it presents symmetrical properties - referred as

isometries, i.e. they are special kind of mappings between an object and its image

that leave all distances and angles invariant.

The operations will be called symmetry operations if the object is a crystal pattern,

representing a real crystal, its symmetry operations are called crystallographic

symmetry operations.

Symmetry operations 

Crystallographic symmetry operations

congruence may be direct (proper) or opposite (improper, e.g. change of handedness and 

production of enantiomorphs )

http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/congrd.htm
http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/congro.htm


Two dimensional symmetry 



Two dimensional crystal families 



In case of direct congruence we can have :

a) translation:

when all the points of the object undergo an equal displacement in the same 

direction;

b) rotation around an axis (2, 3, 4, 6): 

all points on the axis will not change their position;

c) rototranslation or screw axis, which may be considered as the combination of a

rotation around the axis and a translation along the axial direction.



screw axis









1: an inversion, a symmetry operation with respect to a point;

2: a reflection, a symmetry operation with respect to a plane (line in 2D);

3: a rotoinversion, the product of a rotation around an axis by an inversion with respect 

to a point on the axis;

4: glide plane operation, the product of a reflection by a translation parallel to the 

reflection plane;

5: a rotoreflection, the product of a rotation by a reflection with respect to a plane 

perpendicular to the axis.

http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/inversion.htm
http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/reflection.htm
http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/rotoinv.htm
http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/glide.htm
http://www.clmc.bas.bg/Labs/xray/cryst_intr/symmetry/rotoref.htm


Symmetry elements are points, axes or planes with respect to which symmetry 

operations are performed.

Axes of rotation symmetry:

If all the properties of the object remain unchanged after a rotation of

2π/n around an axis, this will be called a symmetry axes of order n for the

object; the written symbol is n.



twofold rotation axis parallel to the z-direction 

and passing 0,0,0
twofold rotation axis parallel to the z-direction with x,y coordinates 

(Tx,Ty)

Symmetry Operators

(-x, -y, z)



6+ 3+ 2 3- 6- 1

Symmetry Operators



Most crystals usually have some type of rotational symmetry combined with the

pure translational symmetry of the lattice. The combination of a lattice with the

different orders of rotation symmetry leads to the seven possible crystal

systems.

Crystal System
Characteristic

minimal Symmetry
Syngony Unit-Cell Parameters

Independent

Parameters

Triclinic 1× 1-fold -1 a ; b ; c α ; β ; γ any 6

Monoclinic 1× 2-fold 2/m a ; b ; c α = γ = 90°; β 4

Orthorhombic 3× 2-fold mmm a ; b ; c α = β = γ = 90° 3

Tetragonal 1× 4-fold 4/mmm a = b ; c α = β = γ = 90° 2

Rhombohedral

(Trigonal )
1× 3-fold

6/mmm (P)

-3m (R)

a = b = c, α = β = γ (old ≠ 90°)

a = b ; c α = β = 90°; γ = 120°
2

Hexagonal 1× 6-fold 6/mmm a = b; c α = β = 90°; γ = 120° 2

Cubic 4× 3-fold m-3m a = b = c; α = β = γ = 90° 1



Most crystals usually have some type of rotational symmetry combined with the

pure translational symmetry of the lattice. The combination of a lattice with the

different orders of rotation symmetry leads to the seven possible crystal

systems.
Crystal System Unit-Cell Parameters

Triclinic a ≠ b ≠ c; α ≠ β ≠ γ

Monoclinic a ≠ b ≠ c; α = γ = 90°; β ≠ 90°

Orthorhombic a ≠ b ≠ c; α = β = γ = 90°

Tetragonal a = b ≠ c; α = β = γ = 90°

Trigonal a = b ≠ c; α = β = 90°; γ = 120°

Hexagonal a = b ≠ c; α = β = 90°; γ = 120°

Cubic a = b = c; α = β = γ = 90°



Bravais Lattices

The combination of the 7 crystal systems with lattice centring (P, A, B, C, F, I, R) leads to 

a maximum of fourteen (14) lattice types which are referred to as the Bravais lattices.



Taken from MassimoNesspolo,  Int. School on Fundamental Crystallograpy 2013, Guyletchica, Bulgaria 



The triclinic lattice has no symmetry constraints upon it so that all of 

the 6 lattice parameters a, b, c, α, β, γ, are independent variables.



The monoclinic lattice has an axis of order 2 imposed as a symmetry constraint

forcing two of the unit cell angles to 90°. The most common convention, is to

choose the symmetry axis to be parallel to the b direction so that α = γ = 90°.

The 4 independent lattice parameters are a, b, c, and β.





The symmetry constraint with tetragonal lattice is an axis of order 4 along the c-direction which
constrains all of the unit-cell angles to 90° and constrains the unit-cell lengths so that a = b.
Conventional choice of unit cell results in either primitive or body-centred lattices, but these can
be enlarged to C-face centred or all-face centred, respectively, by choosing a larger unit cell.



A rotation axis of order 3 along the body-diagonal of the unit cell (shown as a

dashed line) constrains all of the sides to be of equal length and all of the angles to

be equal, as shown above.

primitive rhombohedral rhombohedrally-centred hexagonal



The symmetry constraints on cubic lattices are due to the body-diagonal threefold 

rotation axis plus axes of order 2 parallel to each of the cell edges. This constrains 

all of the unit-cell angles to 90° and all of the unit-cell lengths to be equal, 

i.e., a = b = c. Single-faced (A, B, or C) lattice centring is incompatible with the 

presence of threefold symmetry.





A symmetry group is a set of symmetry operators that are combined together according to a 

particular set of rules:

•The resulting action from the combination of two symmetry operators must always be 

equivalent to the action of a single symmetry operator that belongs to the same group.

With reference to the point group 6, the action of a 60° rotation followed by, say, a 240°

rotation is equivalent to a rotation of 300°. In symbol form this is written as: 6+ * 3-

= 6-

Thus the rule is obeyed since the resulting operator (6-) is a member of the point group 6.

•The group must always contain the identity symmetry operator.

Again with reference to the point group 6, this is the rotation axis of order 1 which rotates 

an object by 360°.

•Each symmetry operator in the group must have an inverse operator belonging to the 

group.

Thus in the point group 6, the inverse operator for a positive 60° rotation (6+) is a 

negative rotation (6-) by 60°.

•Beyond the scope of this “reminer” is the associative rule specifying the way in which 

symmetry operators are combined with each other.

Point groups



A point group may be defined as any group of symmetry operators that leaves

one or more points in space unmoved. If it is a single point, it is fixed in space by

(a) the centre of inversion when the point group possesses rotary-inversion axes

(e.g −1, −3, −4, −5, −6, −7, ..., −∞), or

(b) the intersection of a twofold (2) and one or more axes (e.g. 2, 3, 4, 5, 6, 7, ...,

∞) or

(c) the intersection of a mirror plane (m) and a rotation axis (e.g. 2, 3, 4, 5, 6, 7,

..., ∞) perpendicular to it.

This single fixed point is called the origin. If it involves more than one point

unmoved, then the point group is polar.

Although there exists an infinite number of point groups, when crystallographic

considerations are taken into account, i.e. rotation and rotary-inversion axes must

be of order 1, 2, 3, 4, or 6, then the number of such groups is limited to just 32.



The symmetry operators present in these groups are:

Rotation Axes 1 2 3 4 6

Rotary-Inversion Axes -1 m (= -2) -3 -4 -6

The 32 point groups consistent with the 7 crystal systems are known as the 3-

dimensional crystallographic point groups.



Crystal System 32 Crystallographic Point Groups

Triclinic 1 -1

Monoclinic 2 m 2/m

Orthorhombic 222 mm2 mmm

Tetragonal 4 -4 4/m 422 4mm -42m 4/mmm

Trigonal 3 -3 32 3m -3m

Hexagonal 6 -6 6/m 622 6mm -62m 6/mmm

Cubic 23 m-3 432 -43m m-3m

Of the 32 crystallographic point groups, those highlighted in blue possess a centre of

inversion and are called centrosymmetric, while those highlighted in red possess only

rotation axes and are termed enantiomorphic (the point groups that possess no improper

rotations). A third type, highlighted in bold type, are referred to as polar.



• Bragg's law provides the condition for a plane wave to be diffracted by a 

family of lattice planes. 

• The observed diffraction pattern is a view of the reciprocal lattice

• The reciprocal lattice is related to the real lattice and a*=1/a, a*.b=0, 

a*.c=0 etc.

• By considering the Bragg construction in terms of the reciprocal lattice, 

we can show that K = G for constructive interference - the Laue condition

• This leads naturally to the imaginary Ewald sphere, which allows us to 

make calculations from a measured diffraction pattern.

• A diffraction pattern is not a direct representation of the crystal lattice.

Diffraction Symmetry

BRAGG’S EQUATION𝟐 𝒅 𝐬𝐢𝐧𝜽 = 𝒏 𝝀



• Diffraction pattern will vary with incident wave-particle
energy. The diffraction angle becomes smaller with
increasing incident energy.

𝐬𝐢𝐧𝜽~ 𝟏/(𝒆𝑽)𝟏/𝟐

• Diffraction has same probability for n = 1 and n = -1,
which implies the diffraction pattern should possess
some sort of symmetry.

• Large atomic spacing will produce a small diffraction
angle and a small atomic spacing will produce a large
diffraction angle.

𝐬𝐢𝐧𝜽~ 𝟏/𝒅

, 𝝀 = 𝟏. 𝟐𝟐 𝐄𝟏/𝟐

The diffraction angles are invariant under scaling; that is, they depend only on 
the ratio of the wavelength to the size of the diffracting object.



If the units of a are angstroms (Å), then the units of a*are angstroms -1 (Å-1). 

The angle between a and b is γ; the angle between a* and b* is γ*. 

Since a and b are in angstroms and a* and b* are in inverse angstroms, the 

directions of the vectors are emphasized, not their relative lengths.

Two-dimensional non orthogonal basis vectors a and b, superimposed reciprocal basis vectors, a* and b* is γ*

a

b

a*
b*

γ*



𝐬𝐢𝐧𝜽~ 𝟏/𝒅



Diffraction Symmetry

The diffraction experiment measures the spacing of the spots from which the reciprocal lattice is 

derived. Indeed there are similar constraints that apply equally-well to the reciprocal-space unit-

cell parameters.



The K vector

We define incident and reflected X-rays as ko and k respectively, with moduli 
1/

Then we define vector K = k - ko

1/



K vector

As k and ko are of equal length, 1/, 
the triangle O, O’, O’’ is isosceles.

The angle between k and -ko is 2hkland 

the hkl plane bisects it.

The length of K is given by:

K k hkl

hkl
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2
| |sin
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
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



The Laue condition

K is perpendicular to the (hkl) plane, so can be defined as:
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Von Laue condition in reciprocal space (orthogonal lattices):

Von Laue condition in reciprocal space for all crystal symmetries:



What does this mean?!

Laue assumed that each set of atoms could radiate the incident radiation 
in all directions

Constructive interference only occurs when the 

scattering vector, K, coincides with a reciprocal 

lattice vector, G

This naturally leads to the Ewald Sphere

construction



k

-ko

K

O

Incident 2θ

Ewald Sphere
We superimpose the imaginary “sphere” of radiated radiation upon the 
reciprocal lattice

For a fixed direction and wavelength of incident radiation, we draw -ko (=1/)   
e.g. along a*

Draw sphere of radius 1/ centred on end 

of ko

Reflection is only observed if sphere 

intersects a point

i.e. where K=G



What does this actually mean?!

Relate to a real diffraction experiment with crystal at O

K=G so scattered beam 

at angle 2

Geometry:
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In addition, the diffraction experiment measures the intensity of the reciprocal-

lattice points, which are proportional to the square of the structure factors, F(hkl).

Friedel's law states that, in the absence of anomalous dispersion effects,

|F(hkl)| = |F(-h-k-l)|. 

By virtue of this law the reciprocal lattice weighted with |F| always contains

a point of inversion in the absence of anomalous dispersion, even when this

symmetry element is not present in the crystal structure. Thus the point-group

symmetry of the reciprocal lattice is centrosymmetric. Thus determination of this

point-group symmetry is the obvious first step in the determination of the crystal

symmetry.

http://pd.chem.ucl.ac.uk/pdnn/symm2/pg-1.htm


Laue Classes

The eleven centrosymmetric point groups which describe 3-dimensional diffraction 

symmetry are known as the Laue classes (often still referred to as Laue groups).



Reflection Multiplicity

In contrast to single-crystal diffraction in which symmetry-equivalent reflections can be

measured individually and checked for equality, the one-dimensional nature of powder

diffraction results in the exact superposition of reflections with the same d spacing.

In calculating the intensity of a peak in a powder diffraction pattern, it is more efficient to

calculate the intensity of a single reflection, hkl, and multiply it by j, the number of symmetry-

equivalent reflections contributing to the single observed peak. This is called the multiplicity of

the reflection. Multiplicity only occurs in powder diffraction, and so is not commonly discussed

in connection with single-crystal data.

What determines the multiplicity of a reflection? There are two factors that

need to be considered: firstly, the Laue class of the sample; and secondly,

whether the reflection lies on one of the symmetry elements within the particular

Laue class.





Point-Group Determination in practice 



Space Groups

The number of permutations of Bravais lattices with rotation and screw axes,

mirror and glide planes, plus points of inversion is finite: there are only 230

unique combinations for three-dimensional symmetry, and these combinations

are known as the 230 space groups.

The space groups are numbered from 1 to 230 and are classified here according

to the 7 crystal systems: triclinic, monoclinic, orthorhombic, tetragonal,

trigonal, hexagonal, and cubic.

Within each crystal system, the space groups can be ordered by Laue class,

crystal class (e.g. 2 < m < 2/m) and, finally, lattice centering

(e.g. P < A,B,C < F < I ).

Each one of the 230 three-dimensional space groups is unique; however, they

are frequently specified by means of space group symbols that are not unique to

a particular space group.



INTERNATIONAL TABLES FOR

CRYSTALLOGRAPHY

VOLUME A: SPACE-GROUP SYMMETRY

Extensive tabulations and illustrations of the 17 plane
groups and the 230 space groups

•headline with the relevant group symbols;

•diagrams of the symmetry elements and of the

general position;

•specification of the origin and the asymmetric

unit;

•list of symmetry operations;

•generators;

•general and special positions with multiplicities,

site symmetries, coordinates and reflection

conditions;

•symmetries of special projections;

•extensive subgroup and supergroup data











Reflection Conditions & Systematic Absences





The reflection conditions describe the conditions of occurrence of a reflection

(structure factor not systematically zero). There are two types of systematic

reflection conditions for diffraction of crystals by radiation:

• General conditions

• Integral reflection conditions. The resulting conditions apply to the
whole three-dimensional set of reflections hkl.

• Zonal reflection conditions Glide planes. The resulting conditions apply
only to two dimensional sets of reflections, i.e. to reciprocal-lattice nets
containing the origin (such as hk0, h0l, 0kl, hhl). For this reason, they are
called zonal reflection conditions.

• Serial reflection conditions. Screw axes. The resulting conditions apply
only to one dimensional sets of reflections, i.e. reciprocal-lattice rows
containing the origin (such as h00, 0k0, 00l)..

• Special conditions (‘extra’ conditions). They apply only to special Wyckoff



General reflection conditions
The integral reflections are the general reflection conditions due to the centering of cells.

Reflection condition (observable reflections) Centring type of cell Centering symbol

None Primitive
P
R (rhombohedral axes)

h + k = 2n C-face centred C

k + l = 2n A-face centred A

l + h = 2n B-face centred B

h + k + l = 2n body centred I

h + k, h + l and
k + l = 2n or:
h, k, l all odd or 
All even (‘unmixed’)

all-face centred F

− h + k + l = 3n
rhombohedrally
centered, obverse, setting (standard)

R (hexagonal axes)

h − k + l = 3n
rhombohedrally
centred, reverse setting

h − k = 3n hexagonally centred H



symbol
Concerned orientation

reflections

reflection conditions

(observable reflections)

a (010) h0l h = 2n

(001) hk0 h = 2n

b (100) 0kl k = 2n

(001) hk0 k = 2n

c (100) 0kl l = 2n

(010) h0l l = 2n

(110) hhl l = 2n

(1-100) hh.l l = 2n

(11-20) hh.l l = 2n

d (100) 0kl k+l = 4n (k,l=2n)

(010) h0l h+l = 4n (h,l=2n)

(001) hk0 h+k = 4n (h,k=2n)

(110) hhl 2h+l = 4n

n (100) 0kl k+l = 2n

(010) h0l h+l = 2n

(001) hk0 h+k = 2n

Glide planes

zonal reflection conditions







That’s all



International school

Introduction in Rietveld structure refinement

Crystal structure and crystal symmetry (crystal systems, unit cell, 
reciprocal space, reciprocal lattice, systematic absences, Wyckoff 

positions)

Sofia, Bulgaria, 
28 September - 3 October 2015




